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SELECTION PRINCIPLES AND BAIRE SPACES
BY MARION SCHEEPERS
Abstract. We prove that if X is a separable metric space with the Hurewicz
covering property, then the Banach-Mazur game played on X is determined.
The implication is not true when “Hurewicz covering property” is replaced
with “Menger covering property”.
1. Introduction
The selection principle Sfin(A,B) states that there is for each sequence (An :
n ∈ N) with each An ∈ A, a sequence (Bn : n ∈ N) such that each Bn ⊂ An is finite
and
⋃
n∈NBn ∈ B. Letting O denote for the space X the set of all open covers
of X , the statement Sfin(O,O) denotes the Menger property for X . Hurewicz [5]-
introduced the Menger property in 1925 and showed that a conjecture of Menger
is equivalent to the statement that a metrizable space has the Menger property if,
and only if, it is σ-compact. In 1927 Hurewicz -[6]- defined the following stronger
version of the Menger property: For each sequence (Un : n ∈ N) of open covers of
X , there is a sequence (Vn : n ∈ N) such that each x ∈ X is in all but finitely many
of the sets
⋃
Vn. This property is said to be the Hurewicz property. In [8] it was
shown that the Hurewicz property can also be formulated in the form Sfin(A,B),
but we will not need that result here.
It is clear that σ-compactness implies the Hurewicz property in all finite powers,
and that the Hurewicz property implies the Menger property. Fremlin and Miller -
[10]- disproved Menger’s Conjecture, thus showing that Menger’s property is weaker
than σ-compactness. Numerous examples in the literature show that Menger’s
property is not necessarily preserved by finite powers. Chaber and Pol -[2]- showed
that the Menger property does not imply the Hurewicz property, and in [7] it was
shown that the Hurewicz property does not imply σ-compactness. Also see [15].
This raises the possibility that theorems proven using the hypothesis that some
space X is σ-compact, may be strengthened by proving it using the weaker hy-
pothesis that for all n, Xn has Hurewicz’s or Menger’s property, or that X has
Hurewicz’s or Menger’s property. Several examples of such work can be found in
recent literature, for example: [1], [12] and [13]. We give such results in this paper
in connection with Baire category.
A topological space is said to be Baire if the intersection of any sequence of dense
open subsets is a dense set. It is said to be first category if it is a union of countably
many nowhere dense sets. If it is not first category, it is said to be second category.
In Exercise 25B of [16] the reader is asked to prove the following statement:
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If X is a σ-compact space then it is a second category (respectively
Baire) space if, and only if X has an element (respectively,
dense set of elements) with a compact neighborhood.
We examine weakening the hyptohesis “X is a σ-compact space”.
2. The Banach-Mazur game and selection principles
The Banach-Mazur game on X , BM(X), is played as follows: Players ONE
and TWO play an inning per positive integer. In the n-th inning ONE chooses
a nonempty open set On; TWO responds with a nonempty open set Tn ⊆ On.
ONE must also obey the rule that for each n, On+1 ⊆ Tn. A play
O1, T1, · · · , On, Tn, · · ·
is won by TWO if
⋂
n∈N Tn 6= ∅; otherwise, ONE wins.
A strategy of a player is a function with domain the set of finite sequences of
moves by the opponent, and with values legal moves for the strategy owner. A
strategy σ for player TWO is said to be a tactic if it is of the form Tn = σ(On) for
all n. The notion of a tactic for ONE is defined analogously. In [4] tactics are also
called stationary strategies. The following facts are well-known -[14]-:
(1) X is a Baire space if, and only if, ONE has no winning strategy in BM(X).
(2) If X is a separable metrizable space such that TWO has a winning strategy
in BM(X), then X contains a homeomorphic copy of the Cantor set.
(3) There are examples of X where neither player has a winning strategy in
BM(X).
(4) If TWO has a winning strategy in BM(X), then for each Baire space Y,
X×Y is a Baire space.
(5) If TWO has a winning strategy in BM(X), then all box powers of X are
Baire spaces.
Regarding the abovementioned Exercise 25B of [16] one can indeed prove for
σ-compact spaces X that the following statements are equivalent:
(1) X is a Baire space.
(2) X has a dense set of points with compact neighborhoods.
(3) TWO has a winning strategy in BM(X).
(4) TWO has a winning tactic in BM(X).
It follows that in σ-compact spaces BM(X) is determined. We show that this par-
ticular consequence of σ-compactness is not a consequence of the Menger property,
but is a consequence of the Hurewicz property.
There is a natural game, Gfin(A,B), that corresponds to the selection principle
Sfin(A,B): The game has an inning per positive integer n. In the n-th inning ONE
first chooses an On ∈ A, and TWO then responds with a finite set Tn ⊆ On. A
play (O1, T1, · · · , On, Tn, · · · ) is won by TWO if
⋃
n∈N Tn ∈ B. Otherwise, ONE
wins.
The following equivalence, proved in Theorem 10 of [5], is very useful for appli-
cations involving the Menger property:
Theorem 1 (Hurewicz). For topological space X the following are equivalent:
(1) The space has property Sfin(O,O).
(2) ONE has no winning strategy in Gfin(O,O).
Below we shall use this equivalence without specifically referencing Theorem 1.
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Theorem 2. For X be a T3-space with Sfin(O,O) the following are equivalent:
(1) TWO has a winning strategy in BM(X).
(2) D = {x ∈ X : x has a neighborhood with compact closure} is dense in X.
Proof: The proof that (2)⇒ (1) does not require thatX have property Sfin(O,O).
We prove (1) ⇒ (2) by proving the contrapositive: If D is not dense, then TWO
does not have a winning strategy in BM(X). Thus: Assume D is not dense, and let
F be a strategy for TWO in the game BM(X).
Define a strategy σ for ONE of the game Gfin(O,O) as follows: First, player
ONE of BM(X) moves: B1 is a nonempty open set whose closure is disjoint from
D. TWO’s response is W1 = F (B1). Now each neighborhood of each x in W1 has
a non-compact closure. Choose x1 ∈ W1. Choose a neighborhood V1 of x1 with
V1 ⊂ W1, and an open (in X) cover A1 of V1 such that no finite subset F of A1
satisfies V1 ⊂
⋃
F (We used T3). Then we define
σ(∅) = A1
⋃
{X \ V1}.
When TWO responds with a finite set T1 ⊂ σ(∅), ONE plans the move σ(T1) as
follows: Player ONE of BM(X) responds with
B2 =W1 \
⋃
T1,
a nonempty open set. Then TWO of BM(X) plays W2 = F (B1, B2). Choose an
x2 ∈ W2 and a neighborhood V2 of x2 with V2 ⊂W2. Then choose an open (in X)
cover A2 of V2 such that no finite subset F ⊂ A2 has V2 ⊂
⋃
F . Then put
σ(T1) = A2
⋃
{X \ V2}.
When TWO now responds with a finite T2 ⊂ σ(T1), then ONE plans the move
σ(T1, T2) as follows: Player ONE of BM(X) responds with
B3 =W2 \
⋃
T2,
a nonempty open set. TWO of BM(X) applies the strategy F to obtain W3 =
F (B1, B2, B3). Choose an x3 ∈ W3, and a neighborhood V3 of x3 with V3 ⊂ W3,
and then an open (in X) cover A3 of V3 such that for no finite set F ⊂ A3 do we
have
⋃
F ⊃ V3. Then ONE plays
σ(T1, T2) = A3
⋃
{X \ V3},
and so on.
Since X has property Sfin(O,O), σ is not a winning strategy for ONE of
Gfin(O,O). Thus, consider a σ-play
σ(∅), T1, σ(T1), · · · , Tn, σ(T1, · · · , Tn), · · ·
lost by ONE. It corresponds to an F -play
B1, F (B1), B2, F (B1, B2), · · · , Bn, F (B1, · · · , Bn), · · ·
of BM(X) where for all n we have Bn+1 = F (B1, · · · , Bn) \
⋃
Tn. Since ONE lost
the σ-play, the set
⋃
n∈N Tn is an open cover of X . For the corresponding play
of BM(X) we have
⋂
n∈NBn ⊆ W1 \
⋃
n∈N(
⋃
Tn) = ∅. Thus, F is not a winning
strategy for TWO in BM(X). ♦
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In general, if TWO has a winning strategy in BM(X), then TWO need not have
a winning tactic -[3]. A number of conditions on X that ensures that TWO has
a winning strategy if, and only if, TWO has a winning tactic, are known. These
include various completeness properties. Theorem 2 gives another such condition:
Corollary 3. If X is a T3-space with property Sfin(O,O), then TWO has a win-
ning strategy in BM(X) if, and only if, TWO has a winning tactic.
It follows that the T3 1
2
-space X of [3] in which TWO has a winning strategy, but
not a winning tactic, in BM(X), does not have the Menger property.
Theorem 4 (CH). There is a subspace X of the real line such that:
(1) X has the property Sfin(O,O) in all finite powers, but
(2) Neither player has a winning strategy in BM(X).
Proof: Consider a Lusin set X ⊂ R which has the property Sfin(O,O) in all
finite powers. Such is constructed for example in [7] or [9]. We may assume that
X = X + Q. Then for each dense open En ⊂ X there is a dense open Dn ⊂ R
with En = X
⋂
Dn. Since R \ Dn is nowhere dense, it follows that X \ En is
countable. But then
⋂
n∈NEn is dense in X , showing that X is a Baire space.
By the Banach-Oxtoby theorem, ONE has no winning strategy in BM(X). Since
X contains no subset homeomorphic to the Cantor set, also TWO has no winning
strategy in BM(X). ♦
We now show that in separable metrizable spaces the Hurewicz property suffices
as a replacement for σ-compactness in the following sense:
Theorem 5. For X a separable metric space with the Hurewicz property the
following are equivalent:
(1) X is a Baire space.
(2) D = {x ∈ X : x has a neighborhood with compact closure} is dense in X.
(3) TWO has a winning strategy in BM(X).
Proof: We already have (2) ⇒ (3) from Theorem 2, and (3) ⇒ (1) is folklore.
We must prove that (1)⇒ (2). We do this by proving the contrapositive: Assume
D is not dense. We will show that ONE has a winning strategy in BM(X). The
Banach-Oxtoby theorem implies that X is not Baire.
Here is how a winning strategy for ONE is defined. ONE’s first move, σ(X),
is a nonempty open set O1 ⊂ X \ D. Since O1 is an Fσ subset of X , it has
the Hurewicz property also. Fix a metric d on X and choose a countable base
(Bn : n ∈ N) for O1 such that for each n, Bn ⊂ O1, Bn has d-diameter less than
1, and limn→∞ diam(Bn) = 0 (the latter follows from the Menger property of O1).
Now no Bn is compact, so we may choose for each n an open (in O1) cover U1n
of Bn which does not contain any finite set T with B1 ⊂
⋃
T . Then for each n
the set Un = {O1 \ Bn}
⋃
U1n is an open cover of O1. Choose, by the Hurewicz
property, for each n a finite set Vn ⊂ Un such that for each x ∈ O1, for all but
finitely many n, x ∈
⋃
Vn. We are now ready to define ONE’s strategy σ further.
For each nonempty open set U ⊂ O1 choose an n = n(U) such that Bn ⊂ U , and
if U has finite diameter, then diamd(Bn) <
1
2 · diamd(U). When TWO plays an
open set U , ONE responds with
σ(U) = Bn(U) \
⋃
Vn(U).
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It is clear that when U is nonempty and open, so is σ(U). We must see that σ is a
winning strategy for ONE. Consider a σ-play of BM(X):
O1 = σ(X), W1, σ(W1), W2, σ(W2), W3, · · ·
For each Wk, put mk = n(Wk). Then by the definition of ONE’s strategy σ(W1) =
Bm1 \
⋃
Vm1 ⊇ W2 and for each k > 1 σ(Wk) = Bmk \
⋃
Vmk ⊇ Wk+1 and
diamd(Wk+1) <
1
2 · diam(Bmk−1). This implies that {mk : k ∈ N} is infinite, so
that
⋃
k∈N Vmk covers O1. It follows that
⋂
k∈NWk = ∅, and so ONE wins. ♦
Of course, in Theorem 5, we also have the equivalence that TWO has a winning
strategy if, and only if, TWO has a winning tactic.
Corollary 6. The Banach-Mazur game is determined in separable metric spaces
with the Hurewicz property.
It is well known that the product of Baire spaces need not be a Baire space again.
Corollary 7. If X and Y are Baire spaces and X has the Hurewicz property, then
X × Y is a Baire space.
Corollary 8. If X has the Hurewicz property and is a Baire space, then all powers
of X have the Baire property, even in the box topology.
However, when X is a separable metric space which has the Baire property and
the Hurewicz property, X2 need not have the Hurewicz property. To see this, let C
be the Cantor set in R. Then Y = R \ C is σ-compact and Baire. Let Z ⊂ C be a
set with the Hurewicz property in the inherited topology, but for which Z×Z does
not have the Hurewicz property. The Continuum Hypothesis can be used to find
such a subset of the Cantor set - (see the remark following Theorem 2.11 of [7]).
Put X = Y
⋃
Z. Then X is a Baire space and has the Hurewicz property. But the
closed subset Z ×Z of X ×X does not have the Hurewicz property, and so X ×X
does not have the Hurewicz property.
3. The game MB(X) and selection principles.
The gameMB(X) is played like BM(X), except that now ONE wins if
⋂
n∈NBn 6=
∅, and TWO wins otherwise.
Theorem 9. For X a T3-space with Sfin(O,O) the following are equivalent:
(1) ONE has a winning strategy in MB(X).
(2) D = {x ∈ X : x has a neighborhood with compact closure} is nonempty.
Proof: The proof that (2) ⇒ (1) does not require that X has the property
Sfin(O,O) and uses a standard argument. We prove the contrapositive of (1)⇒ (2):
If D is empty then ONE has no winning strategy in MB(X).
Assume D is empty, and let F be a strategy for ONE in the game MB(X). Define
a strategy σ for ONE of the game Gfin(O,O) as follows: Let B1 = F (X) be ONE’s
move in MB(X). Since B1 is not compact, choose an open (in X) cover A1 of B1
such that no finite F ⊂ A1 has B1 ⊂
⋃
F , and then define
σ(∅) = A1
⋃
{X \B1}.
From TWO’s response T1 ⊂ σ(∅) in Gfin(O,O) define a response W1 = B1 \
⋃
T1
for TWO of MB(X), and then apply ONE’s strategy F to obtain B2 = F (W1).
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Again, since B2 is not compact, choose an open (in X) cover A2 of B2 such that
no finite F ⊂ A2 has B2 ⊂
⋃
F , and then define
σ(T1) = A2
⋃
{X \B2}.
When TWO responds with the finite set T2 ⊂ σ(T1), define a response W2 =
B2 \
⋃
T2 for TWO of MB(X). Apply ONE’s strategy F in MB(X) to obtain B3 =
F (W1,W2). And since B3 is not compact, choose an open (in X) cover A3 of B3
such that there is no finite F ⊂ A3 with B3 ⊂
⋃
F . Then define
σ(T1, T2) = A3
⋃
{X \B3},
and so on. This defines a strategy for ONE in Gfin(O,O). As before, since X has
Menger’s property Sfin(O,O) the strategy σ is not a winning strategy for ONE in
Gfin(O,O). This implies that F is not a winning strategy for ONE in MB(X) as
follows:
Consider a σ-play lost by ONE:
σ(∅), T1, σ(T1), T2, σ(T1, T2), · · ·
The reason ONE lost is that
⋃
n∈N Tn is an open cover of X . But the corresponding
F -play of MB(X) is:
B1, W1 = B1 \
⋃
T1, B2, W2 = B2 \
⋃
T2, · · ·
But then
⋂
n∈NBn ⊆ B1 \ (
⋃
n∈N
⋃
Tn) = B1 \X = ∅, and so ONE lost. ♦
Theorem 10 (Oxtoby). For a topological space X the following are equivalent:
(1) TWO has a winning strategy in MB(X).
(2) X is first category in itself.
Theorem 11. Let X be a separable metric space with the Hurewicz property. Then
the following are equivalent:
(1) X is not first category.
(2) D = {x ∈ X : x has a neighborhood with compact closure} is nonempty.
(3) ONE has a winning strategy in MB(X).
Proof: The equivalence of (2) and (3) is in Theorem 9. It is clear from Theorem
10 that (3) ⇒ (1). Thus, we must show (1) ⇒ (2). We prove the contrapositive
by showing that if D = ∅, then TWO has a winning strategy in MB(X). The ideas
are as in the proof of Theorem 5. Thus, assume that D is empty. Let (Bn : n ∈ N)
enumerate a basis of open sets with finite diameters. By hypothesis no Bn is
compact. Thus, for each n we may take an open (in X) cover U1n of Bn such that
no finite subset F has the property that Bn ⊂
⋃
F . Then, for each n, the set
Un = {X \ Bn}
⋃
U1n is an open cover of X . Since X has the Hurewicz property
choose for each n a finite set Vn ⊂ Un such that for each x ∈ X , for all but finitely
many n, x ∈
⋃
Vn. Now TWO’s strategy σ is defined as follows: For a nonempty
open set U ⊂ X choose m = n(U) so that Bm ⊂ U , and if U has finite diameter,
then diam(Bm) <
1
2 · diam(U). TWO plays
τ(U) := Bn(U) \
⋃
Vn(U).
To see that τ is a winning tactic for TWO, consider a play
O1, τ(O1), O2, τ(O2), · · ·
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during which TWO used τ . Then for each m > 1 we have Om \
⋃
Vn(Om) ⊃ Om+1
and diam(Om+1) <
1
2 · diam(Om). It follows that the set {n(Om) : m ∈ N} is
infinite, and so
⋃
m∈N Vn(Om) is a cover of X . This implies that
⋂
m∈NOm = ∅, and
so TWO wins. ♦
It follows thatMB(X) is determined in separable metric spaces with the Hurewicz
property. It follows that if a subset of the real line has the Hurewicz property but
does not contain any perfect set, then it is perfectly meager (since their intersection
with any perfect subset of the real line has the Hurewicz property). This gives an
alternative proof of Theorem 5.5 of [7].
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